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• In chiral spirals we assume a periodic form for the mean fields 
given as
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We choose the following form for 𝜙,

𝜙 =
𝐪 ⋅ 𝐱

ℏ
𝐪 is called the inhomogeneity factor
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Vector and axial vector currents
• The spatial part of vector current vanishes (𝑉𝑖(𝑥)=0)
• The temporal part is
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𝐴3(𝑥) = ∫ 𝑑4𝑘 𝒜3(𝑥, 𝑘) = ෍
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• This shows good agreement with the formula obtained in [M. Kutschera, W. Broniowski,and A. 
Kotlorz, Nuclear Physics A 516, 566 (1990).] up to the internal degrees of freedom connected with 
flavor and color.
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Actual effect



The homogeneous limit

𝜒±
𝑟

 (𝐩, 𝐪) 𝐸𝑝 + 𝑀
𝜑(𝑟)

𝛕 ⋅ 𝐩

𝐸𝑝 + 𝑀
𝜑(𝑟) , 𝐸𝑝 + 𝑀

𝛕 ⋅ 𝐩

𝐸𝑝 + 𝑀
𝜂(𝑟)

𝜂(𝑟)

𝑞 → 0 limit Polarized along
(0,0,1)

Expected effect

𝜒±
𝑟

 (𝐩, 𝐪)
𝑞 → 0 limit

Actual effect

𝑈𝑟𝑟′
𝑢𝑑

𝑟′
𝐩 , 𝑉𝑟𝑟′

𝑣𝑑
𝑟′

(𝐩)



The homogeneous limit

𝜒±
𝑟

 (𝐩, 𝐪) 𝐸𝑝 + 𝑀
𝜑(𝑟)

𝛕 ⋅ 𝐩

𝐸𝑝 + 𝑀
𝜑(𝑟) , 𝐸𝑝 + 𝑀

𝛕 ⋅ 𝐩

𝐸𝑝 + 𝑀
𝜂(𝑟)

𝜂(𝑟)

𝑞 → 0 limit Polarized along
(0,0,1)

Expected effect

𝜒±
𝑟

 (𝐩, 𝐪)
𝑞 → 0 limit Polarized along

−
1

𝐸𝑝
∥(𝐸𝐩 + 𝑀)

𝑝1𝑝3, 𝑝2𝑝3, 𝐸𝑝
∥2 + 𝐸𝐩𝑀

Actual effect

𝑈𝑟𝑟′
𝑢𝑑

𝑟′
𝐩 , 𝑉𝑟𝑟′

𝑣𝑑
𝑟′

(𝐩)



Semiclassical expansion of the Wigner 
function



Semiclassical expansion of the Wigner 
function
• One can obtain the dynamical equations for the Wigner function 

components,



Semiclassical expansion of the Wigner 
function
• One can obtain the dynamical equations for the Wigner function 

components,
𝐾𝜇𝒱𝜇 − 𝜎ℱ + 𝜋𝒫 =

𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
𝒫 − 𝜕𝜇𝜎 𝜕𝑘

𝜇
ℱ ,

−𝑖𝐾𝜇𝒜𝜇 − 𝜎𝒫 − 𝜋ℱ = −
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
ℱ + 𝜕𝜇𝜎 𝜕𝑘

𝜇
𝒫 ,

𝐾𝜇ℱ + 𝑖𝐾𝜈𝒮𝜈𝜇 − 𝜎𝒱𝜇 + 𝑖𝜋𝒜𝜇 =
𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒜𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒱𝜇 ,

𝑖𝐾𝜇𝒫 − 𝐾𝜈
ሚ𝒮𝜈𝜇 − 𝜎𝒜𝜇 + 𝑖𝜋𝒱𝜇 =

𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒱𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒜𝜇 ,

𝑖 𝐾𝜇𝒱𝜈 − 𝐾𝜈𝒱𝜇 − 𝜖𝜇𝜈𝜏𝜎𝐾𝜏𝒜𝜎 −  𝜋 ሚ𝒮𝜇𝜈 +  𝜎𝒮𝜇𝜈 =
𝑖ℏ

2
𝜕𝛾𝜎 𝜕𝑘

𝛾
𝒮𝜇𝜈 − 𝜕𝛾𝜋 𝜕𝑘

𝛾 ሚ𝒮𝜇𝜈 .



Semiclassical expansion of the Wigner 
function
• One can obtain the dynamical equations for the Wigner function 

components,
𝐾𝜇𝒱𝜇 − 𝜎ℱ + 𝜋𝒫 =

𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
𝒫 − 𝜕𝜇𝜎 𝜕𝑘

𝜇
ℱ ,

−𝑖𝐾𝜇𝒜𝜇 − 𝜎𝒫 − 𝜋ℱ = −
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
ℱ + 𝜕𝜇𝜎 𝜕𝑘

𝜇
𝒫 ,

𝐾𝜇ℱ + 𝑖𝐾𝜈𝒮𝜈𝜇 − 𝜎𝒱𝜇 + 𝑖𝜋𝒜𝜇 =
𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒜𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒱𝜇 ,

𝑖𝐾𝜇𝒫 − 𝐾𝜈
ሚ𝒮𝜈𝜇 − 𝜎𝒜𝜇 + 𝑖𝜋𝒱𝜇 =

𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒱𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒜𝜇 ,

𝑖 𝐾𝜇𝒱𝜈 − 𝐾𝜈𝒱𝜇 − 𝜖𝜇𝜈𝜏𝜎𝐾𝜏𝒜𝜎 −  𝜋 ሚ𝒮𝜇𝜈 +  𝜎𝒮𝜇𝜈 =
𝑖ℏ

2
𝜕𝛾𝜎 𝜕𝑘

𝛾
𝒮𝜇𝜈 − 𝜕𝛾𝜋 𝜕𝑘

𝛾 ሚ𝒮𝜇𝜈 .



Semiclassical expansion of the Wigner 
function
• One can obtain the dynamical equations for the Wigner function 

components,

Solved using the semiclassical expansion: 
𝐶 = 𝐶(0) + ℏ𝐶(1) + ℏ2𝐶(2)+. . . 
Where 𝐶 ∈ {ℱ, 𝒫, 𝒱𝜇 , 𝒜𝜇 , 𝒮𝜇𝜈}

𝐾𝜇𝒱𝜇 − 𝜎ℱ + 𝜋𝒫 =
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
𝒫 − 𝜕𝜇𝜎 𝜕𝑘

𝜇
ℱ ,

−𝑖𝐾𝜇𝒜𝜇 − 𝜎𝒫 − 𝜋ℱ = −
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
ℱ + 𝜕𝜇𝜎 𝜕𝑘

𝜇
𝒫 ,

𝐾𝜇ℱ + 𝑖𝐾𝜈𝒮𝜈𝜇 − 𝜎𝒱𝜇 + 𝑖𝜋𝒜𝜇 =
𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒜𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒱𝜇 ,

𝑖𝐾𝜇𝒫 − 𝐾𝜈
ሚ𝒮𝜈𝜇 − 𝜎𝒜𝜇 + 𝑖𝜋𝒱𝜇 =

𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒱𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒜𝜇 ,

𝑖 𝐾𝜇𝒱𝜈 − 𝐾𝜈𝒱𝜇 − 𝜖𝜇𝜈𝜏𝜎𝐾𝜏𝒜𝜎 −  𝜋 ሚ𝒮𝜇𝜈 +  𝜎𝒮𝜇𝜈 =
𝑖ℏ

2
𝜕𝛾𝜎 𝜕𝑘

𝛾
𝒮𝜇𝜈 − 𝜕𝛾𝜋 𝜕𝑘

𝛾 ሚ𝒮𝜇𝜈 .



Semiclassical expansion of the Wigner 
function
• One can obtain the dynamical equations for the Wigner function 

components,

Solved using the semiclassical expansion: 
𝐶 = 𝐶(0) + ℏ𝐶(1) + ℏ2𝐶(2)+. . . 
Where 𝐶 ∈ {ℱ, 𝒫, 𝒱𝜇 , 𝒜𝜇 , 𝒮𝜇𝜈}

𝐾𝜇𝒱𝜇 − 𝜎ℱ + 𝜋𝒫 =
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
𝒫 − 𝜕𝜇𝜎 𝜕𝑘

𝜇
ℱ ,

−𝑖𝐾𝜇𝒜𝜇 − 𝜎𝒫 − 𝜋ℱ = −
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
ℱ + 𝜕𝜇𝜎 𝜕𝑘

𝜇
𝒫 ,

𝐾𝜇ℱ + 𝑖𝐾𝜈𝒮𝜈𝜇 − 𝜎𝒱𝜇 + 𝑖𝜋𝒜𝜇 =
𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒜𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒱𝜇 ,

𝑖𝐾𝜇𝒫 − 𝐾𝜈
ሚ𝒮𝜈𝜇 − 𝜎𝒜𝜇 + 𝑖𝜋𝒱𝜇 =

𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒱𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒜𝜇 ,

𝑖 𝐾𝜇𝒱𝜈 − 𝐾𝜈𝒱𝜇 − 𝜖𝜇𝜈𝜏𝜎𝐾𝜏𝒜𝜎 −  𝜋 ሚ𝒮𝜇𝜈 +  𝜎𝒮𝜇𝜈 =
𝑖ℏ

2
𝜕𝛾𝜎 𝜕𝑘

𝛾
𝒮𝜇𝜈 − 𝜕𝛾𝜋 𝜕𝑘

𝛾 ሚ𝒮𝜇𝜈 .



Semiclassical expansion of the Wigner 
function
• One can obtain the dynamical equations for the Wigner function 

components,

Solved using the semiclassical expansion: 
𝐶 = 𝐶(0) + ℏ𝐶(1) + ℏ2𝐶(2)+. . . 
Where 𝐶 ∈ {ℱ, 𝒫, 𝒱𝜇 , 𝒜𝜇 , 𝒮𝜇𝜈}

𝐾𝜇𝒱𝜇 − 𝜎ℱ + 𝜋𝒫 =
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
𝒫 − 𝜕𝜇𝜎 𝜕𝑘

𝜇
ℱ ,

−𝑖𝐾𝜇𝒜𝜇 − 𝜎𝒫 − 𝜋ℱ = −
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
ℱ + 𝜕𝜇𝜎 𝜕𝑘

𝜇
𝒫 ,

𝐾𝜇ℱ + 𝑖𝐾𝜈𝒮𝜈𝜇 − 𝜎𝒱𝜇 + 𝑖𝜋𝒜𝜇 =
𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒜𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒱𝜇 ,

𝑖𝐾𝜇𝒫 − 𝐾𝜈
ሚ𝒮𝜈𝜇 − 𝜎𝒜𝜇 + 𝑖𝜋𝒱𝜇 =

𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒱𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒜𝜇 ,

𝑖 𝐾𝜇𝒱𝜈 − 𝐾𝜈𝒱𝜇 − 𝜖𝜇𝜈𝜏𝜎𝐾𝜏𝒜𝜎 −  𝜋 ሚ𝒮𝜇𝜈 +  𝜎𝒮𝜇𝜈 =
𝑖ℏ

2
𝜕𝛾𝜎 𝜕𝑘

𝛾
𝒮𝜇𝜈 − 𝜕𝛾𝜋 𝜕𝑘

𝛾 ሚ𝒮𝜇𝜈 .

Up to leading 
order in ℏ



Semiclassical expansion of the Wigner 
function
• One can obtain the dynamical equations for the Wigner function 

components,

Solved using the semiclassical expansion: 
𝐶 = 𝐶(0) + ℏ𝐶(1) + ℏ2𝐶(2)+. . . 
Where 𝐶 ∈ {ℱ, 𝒫, 𝒱𝜇 , 𝒜𝜇 , 𝒮𝜇𝜈}

𝐾𝜇𝒱𝜇 − 𝜎ℱ + 𝜋𝒫 =
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
𝒫 − 𝜕𝜇𝜎 𝜕𝑘

𝜇
ℱ ,

−𝑖𝐾𝜇𝒜𝜇 − 𝜎𝒫 − 𝜋ℱ = −
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
ℱ + 𝜕𝜇𝜎 𝜕𝑘

𝜇
𝒫 ,

𝐾𝜇ℱ + 𝑖𝐾𝜈𝒮𝜈𝜇 − 𝜎𝒱𝜇 + 𝑖𝜋𝒜𝜇 =
𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒜𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒱𝜇 ,

𝑖𝐾𝜇𝒫 − 𝐾𝜈
ሚ𝒮𝜈𝜇 − 𝜎𝒜𝜇 + 𝑖𝜋𝒱𝜇 =

𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒱𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒜𝜇 ,

𝑖 𝐾𝜇𝒱𝜈 − 𝐾𝜈𝒱𝜇 − 𝜖𝜇𝜈𝜏𝜎𝐾𝜏𝒜𝜎 −  𝜋 ሚ𝒮𝜇𝜈 +  𝜎𝒮𝜇𝜈 =
𝑖ℏ

2
𝜕𝛾𝜎 𝜕𝑘

𝛾
𝒮𝜇𝜈 − 𝜕𝛾𝜋 𝜕𝑘

𝛾 ሚ𝒮𝜇𝜈 .

Up to leading 
order in ℏ

𝑘𝜇𝒱(0)
𝜇

− 𝜎(0)ℱ(0) + 𝜋(0)𝒫(0) = 0



Semiclassical expansion of the Wigner 
function
• One can obtain the dynamical equations for the Wigner function 

components,

Solved using the semiclassical expansion: 
𝐶 = 𝐶(0) + ℏ𝐶(1) + ℏ2𝐶(2)+. . . 
Where 𝐶 ∈ {ℱ, 𝒫, 𝒱𝜇 , 𝒜𝜇 , 𝒮𝜇𝜈}

𝐾𝜇𝒱𝜇 − 𝜎ℱ + 𝜋𝒫 =
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
𝒫 − 𝜕𝜇𝜎 𝜕𝑘

𝜇
ℱ ,

−𝑖𝐾𝜇𝒜𝜇 − 𝜎𝒫 − 𝜋ℱ = −
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
ℱ + 𝜕𝜇𝜎 𝜕𝑘

𝜇
𝒫 ,

𝐾𝜇ℱ + 𝑖𝐾𝜈𝒮𝜈𝜇 − 𝜎𝒱𝜇 + 𝑖𝜋𝒜𝜇 =
𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒜𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒱𝜇 ,

𝑖𝐾𝜇𝒫 − 𝐾𝜈
ሚ𝒮𝜈𝜇 − 𝜎𝒜𝜇 + 𝑖𝜋𝒱𝜇 =

𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒱𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒜𝜇 ,

𝑖 𝐾𝜇𝒱𝜈 − 𝐾𝜈𝒱𝜇 − 𝜖𝜇𝜈𝜏𝜎𝐾𝜏𝒜𝜎 −  𝜋 ሚ𝒮𝜇𝜈 +  𝜎𝒮𝜇𝜈 =
𝑖ℏ

2
𝜕𝛾𝜎 𝜕𝑘

𝛾
𝒮𝜇𝜈 − 𝜕𝛾𝜋 𝜕𝑘

𝛾 ሚ𝒮𝜇𝜈 .

Up to leading 
order in ℏ

𝑘𝜇𝒱(0)
𝜇

− 𝜎(0)ℱ(0) + 𝜋(0)𝒫(0) = 0

Put 𝑘 = 𝑘0, 0  
and 𝑞 ≠ 0 



Semiclassical expansion of the Wigner 
function
• One can obtain the dynamical equations for the Wigner function 

components,

Solved using the semiclassical expansion: 
𝐶 = 𝐶(0) + ℏ𝐶(1) + ℏ2𝐶(2)+. . . 
Where 𝐶 ∈ {ℱ, 𝒫, 𝒱𝜇 , 𝒜𝜇 , 𝒮𝜇𝜈}

𝐾𝜇𝒱𝜇 − 𝜎ℱ + 𝜋𝒫 =
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
𝒫 − 𝜕𝜇𝜎 𝜕𝑘

𝜇
ℱ ,

−𝑖𝐾𝜇𝒜𝜇 − 𝜎𝒫 − 𝜋ℱ = −
𝑖ℏ

2
𝜕𝜇𝜋 𝜕𝑘

𝜇
ℱ + 𝜕𝜇𝜎 𝜕𝑘

𝜇
𝒫 ,

𝐾𝜇ℱ + 𝑖𝐾𝜈𝒮𝜈𝜇 − 𝜎𝒱𝜇 + 𝑖𝜋𝒜𝜇 =
𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒜𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒱𝜇 ,

𝑖𝐾𝜇𝒫 − 𝐾𝜈
ሚ𝒮𝜈𝜇 − 𝜎𝒜𝜇 + 𝑖𝜋𝒱𝜇 =

𝑖ℏ

2
𝑖 𝜕𝜈𝜋 𝜕𝑘

𝜈𝒱𝜇 − 𝜕𝜈𝜎 𝜕𝑘
𝜈𝒜𝜇 ,

𝑖 𝐾𝜇𝒱𝜈 − 𝐾𝜈𝒱𝜇 − 𝜖𝜇𝜈𝜏𝜎𝐾𝜏𝒜𝜎 −  𝜋 ሚ𝒮𝜇𝜈 +  𝜎𝒮𝜇𝜈 =
𝑖ℏ

2
𝜕𝛾𝜎 𝜕𝑘

𝛾
𝒮𝜇𝜈 − 𝜕𝛾𝜋 𝜕𝑘

𝛾 ሚ𝒮𝜇𝜈 .

Up to leading 
order in ℏ

𝑘𝜇𝒱(0)
𝜇

− 𝜎(0)ℱ(0) + 𝜋(0)𝒫(0) = 0

Put 𝑘 = 𝑘0, 0  
and 𝑞 ≠ 0 

Does not satisfy
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• Spinors for chiral spirals were obtained.
• A general quantum field was constructed.
• Wigner function and all its components were computed.
• We discovered a twist in polarization in the limit of vanishing 

inhomogeneity.
• The computed exact functions were shown to disagree with the 
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Thank You!
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